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Note 

Calculation of the Capacitance of a Ring Capacitor of 
Rectangular Cross Section with no Insulating Gaps 

I. INTRODUCTION 

Ring capacitors exhibit characteristics similar to the Thompson-Lampard four 
cylinder capacitors [ 1,2] presently the international standard of capacitance. They 
have the property that fringe effects of the ends, which are difficult to account for 
in the Thompson-Lampard capacitor, are nonexistent in a ring structure. Studies 
have been in progress at National Research Council [3,4,5] with the aim of finding 
the best cross section for use as a standard capacitor and as the main element in a 
device to measure the angle of arc. In this note, the case of a rectangular cross 
section with no insulating gaps, shown in Fig. 1, is described. 

FIG. 1. A section of a ring capacitor of rectangular cross section with no insulating gaps. 

II. SERIES SOLUTION FOR THE CAPACITANCE 

The series solutions for the capacitances were obtained from D. G. Lampard [6]. 
Further simplifications of these solutions were made. 

The solution of the problem is obtained in circular cylindrical coordinates 
(r, 4, z). The inner and outer walls of the capacitor are given by r = a and r = b, 
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respectively, and the upper and lower walls of the capacitor are given by z = 0 
and z = c, respectively. 

When the outer wall is at unit potential and all other walls are at zero potential, 
the potential V&, z) at a point (r, 4, z) inside the capacitor is given by 
[7, Section 5.361 

4 [Z,(~~~/c)lZo(~~~/c)l - [Ko(nrrr/c)/~~(n~u/Ta/c)l Vdr, 4 = 1 - lzodd rm [Zo(n7rb/c)/Zo(n7fa/c)] - [K~(n~b/c)/Ko(n~a/c)] sin(nTz’c)’ (l) 
n>o 

where Z,(x) and Z&(x) are modified Bessel functions of the first and second kind, 
respectively, of order 0. 

The direct capacitance C, between the inner and outer walls of the capacitor is 
then obtained from the expression 

This gives the result 

C, = a/2 Jo” aV,/ar lIzn dz. 

cl=: c 1 
lzodd n2[Ko(n7ra/c) Z,(mrb/c) - Zo(nna/c) Ko(mb/c)] ’ 
n>o 

(2) 

When the upper wall is at unit potential and all other walls are at zero potential, 
the potential V2(r, z) at a point (r, 4, z) inside the capacitor is given by [7, 
Section 5.3041, 

V2(r, z) = F 2 sinh(w) - ROOlnr> 

n=l LL~ sinh(w) b%‘(p&) + aR,‘(p,a) ’ 
(3) 

where 

Mu) = Jo(w) YoQ-44 - JoW4 Yohnr), 
R ’ = 1 dRo 

0 - = -Jd,v) J’d-4 + Job-d) Uw9. 
t-h dr 

(4) 

(5) 

z+, is the n-th positive root of the equation 

Rob4 = Jo(w) Yob-4 - JOG4 YoC4 = 0, (6) 

and J,(x) and Y,(x) are Bessel functions of the first and second kind, respectively, of 
order 0. 
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The direct capacitance C, between the upper and lower walls of the capacitor is 
then obtained from the expression, 

and is given by 

C, = 4 /’ I aV,/az Iszo dr, 
a 

cz=F l b%‘(M) - a%‘(p,a) 
n=l pn sinh(w) bR,‘(p,b) + aR,‘&a) * 

(7) 

The Wronskian relationship for Bessel functions gives 

J,(x) w4 - J&d y&4 = 2/w. Q-9 

If J,,(pna) # 0, then solving (6) for Yo(pnb), substituting in (5), and using (8), we 
get 

b’b.4 = - [W,(cLnb)l/[~~naJoOlna)l. 

From (8), it is seen that 

(9 

&Y/Q) = --2/(vnb). 

From (7), (9), and (IO), we get 

If .@,a) = 0, then Y&a) # 0, and the term, 

L&h.4 - Jo(pnb)l/[Jo(pna) + JOb.d91, 

in (11) should be replaced by 

[K&w) - Yo(d)l/[ Ydw4 + Y&41. 

III. WEIGHTS 

In order that changes in the dimension c of the capacitor have a second-order 
effect on the capacitance, weights [8] are used. They are defined as follows: 

WI - -ac,/ac 
(ac,pc> - W2l~c) and w2 = (acl,a:)c~a(gc,iac) . (12) 
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The capacitance of the capacitor is defined as 

c = W&l f w&2 . 

We see from (12) that 

Wl + w2 = 1. 

(13) 

(14) 

It follows from the maximum principle for solutions to elliptic equations that 

ac,lac > 0 and ac,lac < 0. 

Therefore 
Wl > 0 and w2 > 0. 

Suppose the weights deviate from those defined by (12) for the dimensions a, b, 
and c, but still satisfy (14) so that the weights used are eZ1 = w, + 8 and 
62 = w2 - 6 and let the defined value of capacitance, c, be given by the equation 

I? = iGICl(u, b, c) + ~&,(a, b, c). 

Then, keeping w1 and w2 fixed, the change AC’ in c due to a change E in the 
dimension c is given by 

AC = (acl/ac - aqac) tsE + o(E2). 

IV. COMPUTED RESULTS 

A detailed description of computational techniques is given in [9]. An IBM 360, 
Model 67 computer was used. 

Given values a and b, Table I gives the value c = c,, for which the two capa- 
citances are equal, the weight w1 , and the value of capacitance for the values a, b; 
and c,, . The Chebyshev series were computed as the limit as n + cc of the 
Chebyshev interpolation polynomials of degree IZ [IO]. The coefficients of the 
Chebyshev interpolation polynomials of degree 10 were used for Table 1. The 
value c for which the capacitances are equal was determined by Newton-Raphson 
iteration on c. 

The Bessel functions J,(X) and Z,(X) were generated by backward recurrence 
techniques, the Bessel functions Y,(x) were generated from Chebyshev expansions, 
and the Bessel functions K,(x) were generated from their power series by a 
continued fraction technique or from their asymptotic expansions depending on 
the value of the argument. The subroutines used to generate In(x) and K,(x) return 
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TABLE I 

D=b+a,d=b-a 

x = 8(d/D)Z - 1, 0 < (d/D) < 112 

C, = C, = C, for c = c, 

i bi ei X 100 

1.01004 41311 

0.01039 55828 

0.00036 75721 

0.00001 69554 

O.OOOOO 08814 

o.ooooO 00491 

O.OOOOO 00029 

o.ooooOoooo2 

0.50260 80861 

0.00268 51523 

0.00008 04215 

O.OOOOO 35321 

O.OOOOO 01800 

o.ooooO ooo99 

o.ooooO oooo6 

o.ooooO oooo0 

1.71742 17771 

-0.03933 35907 

-0.00103 36033 

-0.00004 25284 

-O.OOOOO 20789 

-0.0000001113 

-o.ooooO 00063 

-O.OOOOO 00004 

Note: The value C&n@ is expressed in esu/cm. For d/D = 0, it assumes the value log 2/(4nz). 

the values e-zl,,(x) and eZK&). This prevents number overflow and underflow. 
K,(X) In( JJ) was computed as the product of e+!+g, e”&(x), and e-“l,(u). 

The roots of Eq. (6) were computed from their asymptotic expansion if this is 
sufficiently accurate. If not, Newton-Raphson iteration is used and a sufficiently 
large sequence of roots is computed so that a root obtained by Newton-Raphson 
iteration can be compared to its value obtained from the asymptotic expansion to 
check the correctness of the sequence of roots. The method of false position was 
used to obtain a first estimate for Newton-Raphson iteration. If the asymptotic 
expansion for a root gives a closer estimate than the method of false position, then 
the asymptotic expansion is used to obtain a first estimate of all succeeding roots 
computed by Newton-Raphson iteration. 

VII. CONCLUSION 

The ring capacitor exhibits properties which are of interest in capacitance 
standards. The second order dependence on dimensional perturbations is of 
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importance in the construction and assembly stage and promise good subsequent 
stability. A practical embodiment of this ring capacitor and other types is described 
in [5]. 
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